Abstract. We show how some of the refined tropical counts of Block and Göttsche emerge from the wall-crossing formalism. This leads naturally to a definition of a class of putative q-deformed Gromov-Witten invariants. We prove that this coincides with another natural q-deformation, provided by a result of Reineke and Weist in the context of quiver representations, when the latter is well defined.
Introduction
Recently Block and Göttsche [BG] (see also the accounts in [SG] section 6 and [IM] section 1) introduced a refined tropical count for plane tropical curves, where the usual Mikhalkin multiplicity is replaced by a function taking values in Laurent polynomials in one variable. The original motivation for Block and Göttsche's proposal is connected with a generalization of Göttsche's conjecture and a refinement of Severi degrees. The tropical invariance of such counts was proved by Itenberg and Mikhalkin [IM] . This invariance is perhaps surprising from a purely tropical point of view.
The purpose of this note is to point out a different perspective from which the definition of the Block-Göttsche multiplicity and the invariance of some of the associated refined tropical counts look completely natural. This point of view is provided by the wallcrossing formula for refined Donaldson-Thomas invariants.
In section 2 we recall a method due to Gross, Pandharipande and Siebert [GPS] (based on the tropical vertex group V) that allows to express the wall-crossing of numerical Donaldson-Thomas invariants 1 in terms of invariants enumerating rational tropical curves; the fundamental example is given by formulae (2.2) and (2.4) below. At the end of section 2 we motivate the need to go from numerical to refined wall-crossing formulae: this is natural from the Donaldson-Thomas point of view (the main reference being the work of Kontsevich and Soibelman [KS] ). The details of the q-deformation are given in section 3. In section 4 we show that the definition of the Block-Göttsche multiplicity, and the invariance of the related counts for rational tropical curves, are essentially equivalent to an extension of the methods of [GPS] sections 1 and 2 to the refined wall-crossing formulae. This is summarized in Corollary 4.8. In section 5 (Proposition 5.1) we finally give the refinement of the basic GPS formula (2.4).
An important point is that this approach leads naturally to Gromov-Witten theory. Indeed [GPS] shows that computing commutators in V is equivalent to the calculation of a class of genus zero Gromov-Witten invariants N rpP 1 , P 2 qs of (blowups of) weighted projective planes, parametrized by a pair of partitions pP 1 , P 2 q (see (2.3) and (2.6) below). By adapting this argument to the q-deformed case we find a natural q-deformation of N rpP 1 , P 2 qs in terms of Block-Göttsche counts, namely Definition 5.2. For some special values of pP 1 , P 2 q a result of Reineke and Weist [RW] shows that N rpP 1 , P 2 qs equals the Euler characteristic of a suitable moduli space of quiver representations MpP 1 , P 2 q. A different choice of q-deformation is then the symmetrized Poincaré polynomial q´1 2 dim MpP1,P2q P pMpP 1 , P 2 qqpqq. We show that the two choices coincide (Theorem 5.3) . A key ingredient is the Manschot-Pioline-Sen formula [MPS] ; indeed it follows from the proof of Theorem 5.3 that the MPS formula in this context can be interpreted precisely as the equality of the two "quantizations". Acknowledgements. We are grateful to Lothar Göttsche, Markus Reineke and Thorsten Weist for some very helpful discussions. This research was supported in part by the Hausdorff Institute for Mathematics, Bonn (JHRT "Mathematical Physics") and ERC Starting Grant 307119.
Tropical vertex
The tropical vertex group V is a subgroup of the group of formal 1-parameter families of automorphisms of the complex algebraic torus C˚ˆC˚, V Ă Aut Crrtss Crx, x´1, y, y´1srrtss. Fix integers a, b and a function f pa,bq P Crx, x´1, y, y´1srrtss of the form f pa,bq " 1`t x a y b gpx a y b , tq (2.1) for a formal power series g P Crzsrrtss. To this we attach an element θ pa,bq,f pa,bq P V defined by θ pa,bq,f pa,bq pxq " x f´b pa,bq , θ pa,bq,f pa,bq pyq " y f a pa,bq . Then we define V as the completion with respect to ptq Ă Crrtss of the subgroup of Aut Crrtss Crx, x´1, y, y´1srrtss generated by all the transformations θ pa,bq,f pa,bq (as pa, bq and f pa,bq vary). Elements of V are "formal symplectomorphisms", i.e. they preserve the holomorphic symplectic form dx x^d y y . The basic question about V is to compute a general commutator, rθ pa1,b1q,f1 , θ pa2,b2q,f2 s " θ´1 pa2,b2q,f2 θ pa1,b1q,f1 θ pa2,b2q,f2 θ´1 pa1,b1q,f1 . Despite its elementary flavour, it turns out that this problem plays a crucial role in a number of contexts in algebraic geometry, most importantly for us in wall-crossing formulae for counting invariants in abelian and triangulated categories (see [KS] ). Suppose for definiteness that a 1 , b 1 , a 2 , b 2 are all nonnegative, and that pa 1 , b 1 q follows pa 2 , b 2 q in clockwise order. Then there exists a unique, possibly infinite (but countable) collection of primitive vectors pa, bq with positive entries, and attached functions f pa,bq (of the form (2.1)) such that θ´1 pa2,b2q,f2 θ pa1,b1q,f1 θ pa2,b2q,f2 θ´1 pa1,b1q,f1 " ś Ñ pa,bq θ pa,bq,f pa,bq . Here ś Ñ denotes the operation of writing products of finite subcollections of group elements θ pa,bq,f pa,bq from left to right so that the slopes of pa, bq in R 2 are decreasing (i.e. in clockwise order), and then taking the direct limit over all finite collections. Gross, Pandharipande and Siebert have shown that the problem of computing the functions f pa,bq carries a surprisingly rich intrinsic geometry, which involves the virtual counts of rational curves in weighted projective planes with prescribed singularities and tangencies. To formulate the simplest result of this type, we fix two integers ℓ 1 , ℓ 2 and consider the transformations θ p1,0q,p1`txq ℓ 1 , θ p0,1q,p1`tyq ℓ 2 . Let us define functions f pa,bq as above (in particular, for pa, bq primitive) by rθ p1,0q,p1`txq ℓ 1 , θ p0,1q,p1`tyq ℓ 2 s "
Since f pa,bq has the form (2.1) we may take its logarithm as a formal power series, which must then be of the form log f pa,bq " ř kě0 c pa,bq k ptxq ak ptyq bk . Let us write P for an ordered partition and |P| for its size (the sum of all its parts). Theorem 0.1 of [GPS] gives a formula for the coefficients c pa,bq k in terms of certain Gromov-Witten invariants N pa,bq rpP a , P b qs P Q,
where the length of P a (P b ) is ℓ 1 (respectively ℓ 2 ). Here N pa,bq rpP a , P b qs is the virtual count of rational curves contained in the weighted projective plane Ppa, b, 1q, which must have prescribed singular points along the two toric divisors D 1 , D 2 dual to the rays spanned by p´1, 0q and p0,´1q respectively, lying away from the torus fixed points, and with multiplicities specified by the ordered partitions P a , P b . To make this rigorous one blows up a number of fixed points on D 1 , D 2 and imposes a suitable degree condition. Moreover one has to make sense of Gromov-Witten theory away from the torus fixed points. See [GPS] Section 0.4 for a precise definition. Additionally the curves must be tangent to order k (at an unspecified point) to the divisor D out dual to the ray spanned by pa, bq.
The equality (2.3) actually arises from the enumeration of certain plane tropical curves. Consider a weight vector w " pw 1 , w 2 q, where each w i is a collection of integers w ij (for 1 ď i ď 2 and 1 ď j ď l i ) such that 1 ď w i1 ď w i2 ď¨¨¨ď w ili . For 1 ď j ď l 1 choose a general collection of parallel lines d 1j in the direction p1, 0q, respectively d 2j in the direction p0, 1q for 1 ď j ď l 2 . We attach the weight w ij to the line d ij , and think of the lines d ij as "incoming" unbounded edges for connected, rational tropical curves Υ Ă R 2 . We prescribe that such curves Υ have a single additional "outgoing" unbounded edge in the direction p|w 1 |, |w 2 |q. Let us denote by Spwq the finite set of such tropical curves Υ (for a general, fixed choice of ends d ij ). Let p|w 1 |, |w 2 |q " pka, kbq for some positive integer k and primitive pa, bq. We denote by N trop pa,bq pwq " # µ Spwq the tropical count of curves Υ as above, i.e. the number of elements of Spwq counted with the usual multiplicity µ of tropical geometry (see [M] ). It is known that # µ Spwq does not depend on the general choice of unbounded edges d ij (see [M] , [GM] ). An application of [GPS] Theorem 2.8 gives 4) where the inner sum is over weight vectors w such that |w i | " P i and R Pi|wi , | Autpw i q| are certain combinatorial coefficients. The connection to Gromov-Witten theory is established through the identity
which follows from [GPS] Theorems 3.4, 4.4 and Proposition 5.3. In fact the invariants N pa,bq rpP a , P b qs are completely determined by factorizations in an extended tropical vertex group. Introducing auxiliary variables s 1 , . . . , s ℓ1 , t 1 , . . . , t ℓ2 one considers the problem of computing the commutator r ś ℓ1 i"1 θ p1,0q,1`six , ś ℓ2 j"1 θ p0,1q,1`tj y s, with the obvious extension of the notation introduced above. Then one can refine (2.3) to show that the the corresponding weight functions satisfy log f pa,bq " k ÿ
Now we make the basic observation that operators of the form of θ 1 " θ p1,0q,p1`txq ℓ 1 and θ 2 " θ p0,1q,p1`tyq ℓ 2 admit natural q-deformations or "quantizations", acting on the Crrtssalgebra generated by quantum variablesxŷ " qŷx. This is motivated by their special role in Donaldson-Thomas theory, where they represents the action of a stable spherical object ( [KS] section 6.4). Roughly speaking then q-deformation corresponds to passing from Euler characteristics of moduli spaces to their Poincaré polynomials. More generally in mathematical physics these operators reflect the spetrum of BPS states of theories belonging to a suitable class, and their q-deformation is connected with refined indices counting such states (see e.g. [P] for an introduction to this circle of ideas). In the present simple exampleθ 1 pxq "x,θ 1 pŷq "ŷp1`q 1 2 txq ℓ1 ,θ 2 pxq "xp1`q 1 2 tŷq´ℓ 2 ,θ 2 pŷq "ŷ. It is then natural to guess the existence of a q-deformation of the factorization (2.2) for rθ 1 ,θ 2 s, as well as of a q-analogue of (2.4). From the form of (2.4) one may envisage the existence of q-deformed tropical counts p N trop pa,bq pwq, which should be defined as # µq Spwq for some q-deformation of the usual tropical multiplicity. We will see in section 4 that this is precisely what happens: µ q turns out to be the Block-Göttsche multiplicity. Another advantage of this point of view is that (2.5) immediately suggests the form of some putative q-deformed Gromov-Witten invariants. We will discuss this in section 5.
q-deformation
We will need a more general incarnation of the group V. Let R by a C-algebra which is either complete local or Artin. Let Γ be a fixed lattice with an antisymmetric, bilinear form x´,´y. Consider the infinite dimensional complex Lie algebra g generated by e α , α P Γ, with bracket re α , e β s " xα, βye α`β . (3.1)
We also endow g with the associative, commutative product determined by
With the product (3.2) and the bracket (3.1) g becomes a Poisson algebra: the linear map rx,´s satisfies the Leibniz rule (this is a straighforward check on the generators). We write p g for the completed tensor product of g with R,
, and extend the Poisson structure to p g by R-linearity. Let f α P p g be an element of the form
Let us introduce a class of Poisson automorphisms θ α,fα of the R-algebra p g by prescribing
Notice that the inverse automorphism θ´1 α,fα is given by θ α,f´1 α . More generally for Ω P Q we denote by θ
Definition 3.1. The tropical vertex group V Γ,R is the completion with respect to m R Ă R of the subgroup of Aut R pp gq generated by all the transformations θ α,fα (as α varies in Γ and f α among functions of the form (3.3)).
Lemma 3.2. Suppose that Γ is the lattice Z 2 endowed with its standard antisymmetric form xpp, qq, pp
Proof. We can identify Crx, x´1, y, y´1s with g by the isomorphism ι defined by ιpxq " e p1,0q , ιpyq " e p0,1q . Taking p bCrrtss on both sides, f pa,bq P 1`x a y b m Crrtss rx a y b s is mapped to some f α P 1`m Crrtss re α se α where α " pa, bq, and by (3.4) we have ι´1˝θ α,fα˝ι " θ pa,bq,f a,b . This proves the claim since θ pa,bq,f pa,bq , θ α,fα are topological generators.
Elements of V Γ,R of the form θ α,1`σeα with σ P m R play a special role, as they have a natural interpretation in Donaldson-Thomas theory and in the mathematical physics of BPS states. In particular as we will see they have a well-defined q-deformation.
Accordingly we can give a definition of the subgroup of V Γ,R which is relevant to the wall-crossing of Donaldson-Thomas invariants.
Definition 3.3. The wall-crossing group r V Γ,R Ă V Γ,R is the completion of the subgroup generated by automorphisms of the form θ Ω α,1`σeα for α P Γ, σ P m R and Ω P Q. An argument in [GPS] Section 1 implies that we do not lose too much by restricting to groups of the form r V Γ,S , provided we work over a suitably large ring S. The argument bears on the case when R " Crrt 1 , . . . , t n ss and f α is of the form f α " 1`t i e α gpe α , t i q for some i " 1, . . . , n and g P Crzsrrt i ss. First we work modulo m k`1 R for some k: this will be the order of approximation. Then over
wa ijw e wα t k i (3.5) for some coefficients a ijw which vanish for all but finitely many w. We introduce variables u ij for i " 1, . . . , n, j " 1, . . . , k, and pass to the base ring r
. We will often be sloppy and identify an element of R k with its image under i. As u 2 ij " 0, the image of (3.5) under i is
summing over J Ă t1, . . . , nu. Exponentiating both sides and using again u 2 ij " 0 we find the factorization
So for f α as above we have found a factorization in V Γ, r
Notice that we have θ α,fjJw " θ wα,1`j!aijw ś lPJ u il ewα . Following [KS] , we can take advantage of the Poisson structure on p g to give a different expression for the special transformations θ α,1`σemα , which leads easily to their qdeformation. Fix σ P m R , and define the dilogarithm Li 2 pσe α q by Li 2 pσe α q " ř kě1 σ k e kα k 2 . This is well defined by our assumptions on R. Then adpLi 2 pσe α" rLi 2 pσe α q,´s is a derivation of p g, and again by our assumptions on R its exponential is a well defined Poisson automorphism of p g, acting by
Lemma 3.4. The automorphism θ α,1`σemα is the same as expp 1 m adpLi 2 p´σe mα.
Proof. We have
Using the Leibniz rule and induction, we find ad h p 1 m Li 2 p´σe mα qqpe β q " e β pxα, βy logp1`σe mαh , and the result follows.
We now replace g with the associative, noncommutative algebra g q over Cpq˘1 2 q, generated byê α , α P Γ. The classical product (3.2) is quantized tô
The classical limit 2 is obtained when we let q 1 2 Ñ 1. As standard in the quantization the Lie bracket is the natural one given by the commutator. In other words we are now thinking of theê α as operators (as opposed to the classical bracket (3.1), which corresponds to a Poisson bracket of the e α seen as functions). Namely, we set
Since this is the commutator bracket of an associative algebra, g q is automatically Poisson. After rescaling, the Lie bracket (3.8) has the classical limit (3.1):
Fixing a local complete or Artin C-algebra R as usual, we define p g q " g q p b C R. The fundamental case is g q rrtss where t is a central variable.
According to Lemma 3.4 the action of θ α,1`σeα on p g is the same as the adjoint action of exppadpLi 2 p´σe α. So we need to find an element of p g q which plays the role of the (exponential of the) dilogarithm. This is the q-dilogarithm,
This only involves commuting variables, and is well defined by our assumptions on R. The q-dilogarithm is in fact a q-deformation of exppadpLi 2 pσe α, as shown by the standard rewriting
2 q´kq¸. The q-dilogarithm also admits a well known infinite product expansion,
2 This is the opposite of the classical limit considered in [KS] . It gives the wrong sign for BPS states counts, but it is the natural choice for the purposes of this note.
For Ω P Q we introduce automorphismsθ Ω rσê α s of p g q acting bŷ
We regardθrσê α s as the required quantization of θ α,1`σeα . Notice the change of notation from the classical case. This is more practical especially since we will also need to consider the shifted operatorsθrσp´q Lemma 3.5. The adjoint action is given bŷ
(3.10)
It is straightforward to check that (3.10) has the expected classical limit (3.4) as q 1 2 Ñ 1.
Proof. Suppose to start with that n " 0 and set κ " xα, βy. Thenê αêβ " q κê βêα , and so if f pê α q is a formal power series with coefficients in Cpq˘1 2 q, we have
Apply this to f pê α q " E Ω pσê α q to get
Suppose for a moment that κ ě 0 and use the product expansion (3.9) to get
and (3.10) follows. For n ‰ 0 we use similarly
The result for κ ă 0 also follows sinceθrσê α s is an algebra automorphism.
We can now introduce the q-deformed analogue of the group r V R .
Definition 3.6. U Γ,R is the completion of the subgroup of Aut
automorphisms of the formθ Ω rp´q 1 2 q n σê α qs (where α P Γ, σ P m R , Ω P Q, n P Z), with respect to the m R -adic topology.
The factorization (2.2) has an analogue in the q-deformed case. Suppose that α 1 follows α 2 in clockwise order. and, for each fixed k, Ω n pkγq vanishes for all but finitely many n.
Proof. Use the Baker-Campbell-Hausdorff formula and induction on γ 1`γ2 (see e.g. [P] section 2.1).
Our main problem then becomes to findθ γ " ś 
Scattering diagrams
We adapt the results of [GPS] sections 1 and 2 to the q-deformed setup. In this section we take Γ to be Z 2 with its standard antisymmetric bilinear form (as in Lemma 3.2).
Definition 4.1. A ray or line for U Γ,R is a pair pd,θ d q where If d is a ray we write Bd for its initial point, and set Bd " H if d is a line.
Definition 4.2. A scattering diagram for U Γ,R is a collection of rays and lines
2 be a smooth path. We say that π is admissible if π misses the singular set SingpDq and is transversal to every d P D. We will define a notion of path ordered productθ π,D along π. Let k ě 1. Then π meets (transversely) only finitely many d witĥ 
Two scattering diagrams D, D
1 are equivalent ifθ π,D "θ π,D 1 whenever π is admissible for both. A simple induction argument (adapted e.g. from the proof of [GPS] Theorem 1.4) shows that a scattering diagram D admits a saturation: a saturated scattering diagram SpDq which is obtained by adding to D a collection of rays. Moreover SpDq is unique up to equivalence.
Suppose that the α i are positive and that α 1 follows α 2 in clockwise order. Then computing the operatorsθ γ for rθ ℓ1 rσ 1êα1 s,θ ℓ2 rσ 2êα2 ss is equivalent to determining SpDq for the scattering diagram D " tpRα 1 ,θ ℓ1 rσ 1êα1 sq, pRα 2 ,θ ℓ2 rσ 2êα2 squ. To see this choose π to be a closed loop with πp0q " p´1,´1q and winding once around the origin in clockwise direction. In general computing SpDq can be very hard. However there is a special case when saturation is straightforward. For m P Z we set rms q " Applying the Baker-Campbell-Hausdorff formula we find θrσ 1êα1 sθrσ 2êα2 s " Ad expˆσ Finally composing on the right withθ´1rσ 1êα1 s leaves Ad Eprxα 1 , α 2 ys q σ 1 σ 2êw1α1`w2α2 q. 
as . If D is a scattering diagram which contains only lines through the origin, and r D some perturbation, then SpDq is equivalent to Sp r Dq as (sinceθ π,Sp r Dqas " Id for a sufficiently large simple loop around the origin).
Let R " Crrt 1 , . . . , t n ss. Fix positive, primitive α i P Γ (not necessarily distinct) for i " 1, . . . , n. We will write α for the vector pα 1 , . . . , α n q. A standard scattering diagram is one of the form D " tpRα i ,
where the coefficients b iw P C vanish for all but finitely many w. By the above discussion computing rθ ℓ1 rt 1êα1 s,θ ℓ2 rt 2êα2 ss can be regarded as a special case of the problem of saturating a standard scattering diagram (after a perturbation). Passing to R k we get a truncated diagram D k , and we can write
or coefficients a 1 ijw P Cpq˘1 2 q which vanish for all but finitely many w. Following the notation of (3.6) there are standard factorizations over r R k given by
Use these to get a perturbation r D k " tpRα i`βiJw ,θrp#Jq!a ip#Jqw ř sPJ u isêwαi su. We construct an increasing sequence of diagrams r D 
Υd q is a simply connected trivalent weighted graph (with both bounded and unbounded edges, endowed with its standard topology), h is a proper map with hp r Υ d q " Υ d , w r Υd pEq " w when E is an unbounded edge mapping to a ray contained in d iJw , and the unbounded direction of hpEq is´α i . We will not be very careful in distinguishing h : r Υ d Ñ R 2 from its image. By construction, we have Let V be a vertex of r Υ d , and choose two incident edges E 1 , E 2 . Let v 1 , v 2 denote the primitive vectors in the direction of hpE 1 q, hpE 2 q. The tropical multiplicity of h at V is defined as µph, V q " w r Υd pE 1 qw r Υd pE 2 q| detpv 1 , v 2 q|. This is well defined by the balancing condition ř i w r Υd pE i qv i " 0 where E i are the incident edges at V and the v i primitive vectors in the direction of hpE i q (i = 1 . . . 3). Then one defines the tropical multiplicity of h as µphq " ś V µph, V q, the product over all trivalent vertices. The Block-Göttsche multiplicity at V is defined as µ q ph, V q " rµph, V qs q . Similarly one sets µ q phq " ś V µ q ph, V q. Using this notion we can reconstructθ d from Υ d with its tropical structure.
summing over all i, J, w for which there exists an unbounded incoming edge of
Proof. Consider the statement: for two rays d 1 , d 2 P r D j k , j ă i, with the slope of d 1 smaller than the slope of d 2 , incoming at V , and scattering in a ray d 1 , one has µpΥ d 1 , V q " xα d1 , α d2 y. One checks this for j " 0, and by induction it holds for all j ă i (the point being of course that x´,´y is the same as detp´,´q). The statement aboutθ d and Υ d then follows by induction on i and Lemma 4.3.
Fix a weight vector w " pw 1 , . . . , w n q, where each w i is a collection of integers w ij (for 1 ď i ď n and 1 ď j ď l i ) such that 1 ď w i1 ď w i2 ď¨¨¨ď w ili . For 1 ď j ď l i choose a general collection of parallel lines c ij in the direction α i . We attach the weight w ij to the line c ij , and think of the lines c ij as incoming unbounded edges for connected, rational tropical curves Υ Ă R 2 . We prescribe that such curves Υ have a single additional outgoing unbounded edge. Let us denote by Spw, c ij q the finite set of such tropical curves Υ (for a general, fixed choice of ends c ij ). By the results of [IM] p N trop α pwq is independent of a general choice of c ij , so in particular it makes sense to drop c ij from the notation.
Corollary 4.8. Let pd,θ d q P SpDq. Then
where the first sum is over weight vectors w " pw 1 , . . . , w n q for which ř i |w i |α i P d, the second sum is over collections k " pk 1 , . . . , k n q of vectors k i with the same length as w i , such that k ij ď k ipj`1q if w ij " w ipj`1q , and Autpw, kq is the product of all stabilizers Autpw i , k i q in the symmetric group.
Proof. It is enough to prove the statement modulo pt The key point is that by [IM] # µq Spw, td iJw uq only depends on td iJw u through w and equals p N trop α pwq. From here the proof proceeds as in [GPS] Theorem 2.8.
Some q-deformed Gromov-Witten invariants
We follow the notation of the previous section. Consider the scattering diagram over Crrs, tss given by D 1 " tpRα 1 ,θ ℓ1 rsê α1 sq, pRα 2 ,θ ℓ2 rtê α2 squ for ℓ i P N. while all other a ijw vanish. The same computation holds forθrt iêα2 s. For the diagram D the pℓ 1`ℓ2 q-tuple of weight vectors w required by Corollary 4.8 can be parametrized in a more convenient way. We first fix a pair of ordered partitions pP 1 , P 2 q of length ℓ 1 , ℓ 2 respectively. The part P 1i determines the size of a weight vector corresponding to pRα 1 ,θrs i e α1 sq, and similarly for P 2i . So we can enumerate instead in terms of just a pair of weight vectors pw 1 , w 2 q, with w i " tw i1 ď . . . ď w ili u, plus a pair of compatible set partitions pI 1,‚ , I 2,‚ q of the index sets t1, . . . , l 1 u, t1, . . . , l 2 u, that is set partitions I i,‚ for which ř sPIij w is " P ij . Let us denote by #tI i,‚ , P i |w i u the number of set partitions of w i which are compatible with P i , and introduce the q-deformed ramification factors
Then we may apply Corollary 4.8 to see that the operators appearing in the saturation of D are given bŷ
.
(5.1)
Proposition 5.1. The operators in the slope ordered expansion for rθ ℓ1 rtê α1 s,θ ℓ2 rtê α2 ss are obtained by setting s i " t j " t in (5.1) for i, j " 1, . . . , n.
By comparing (5.1) with the formulae (2.3)-(2.6) it is natural to introduce a class of putative q-deformed Gromov-Witten invariants.
Definition 5.2. We define a q-deformation of the invariant N rpP 1 , P 2 qs by
In the special case when the vector pP 1 , P 2 q is primitive there is a more straightforward candidate for p N rpP 1 , P 2 qs. Consider the complete bipartite quiver Kpℓ 1 , ℓ 2 q endowed with its natural notion of stability ( [RSW] section 4). The pair pP 1 , P 2 q induces a dimension vector for Kpℓ 1 , ℓ 2 q, and we denote by MpP 1 , P 2 q the resulting moduli space of stable representations. By a result of Reineke and Weist ([RW] Corollary 9.1) we have
Accordingly a natural choice would be to define a q-deformed Gromov-Witten invariant as the Poincaré polynomial P pMpP 1 , P 2 qqpqq " ř j b j pMpP 1 , P 2j 2 (recall that in fact the odd Betti numbers b 2j`1 vanish). However it makes more sense to have a notion which is invariant under the change of variable q Þ Ñ q´1. Thus we set
In the notation of [MR] p P pMpP 1 , P 2 qqpqq " P prMpP 1 , P 2 qs vir qpqq, where for X an irreducible smooth algebraic variety one sets rXs vir " q´1 2 dim X rXs, a Laurent polynomial with coefficients in the Grothendieck ring of varieties.
Theorem 5.3. The two choices of quantization coincide: p N 1 rpP 1 , P 2 qs " p N rpP 1 , P 2 qs.
Proof. We will reduce the statement to a representation-theoretic formula due to Manschot, Pioline and Sen [MPS] . A refinement of pP 1 , P 2 q is a pair of sets of integers pk 1 , k 2 q " ptk 1 w,i u, tk 2 w,j uq such that for i " 1, . . . , ℓ 1 and j " 1, . . . , ℓ 2 we have
We denote refinements by pk 1 , k 2 q $ pP 1 , P 2 q. A fixed refinement k i induces a weight vector wpk i q " pw i1 , . . . , w iti q of length t i " ř w m w pk i q, by w ij " w for all j " ř w´1 r"1 m r pk i q`1, . . . , ř w r"1 m r pk i q. By a combinatorial argument contained in the proof of [RSW] Lemma 4.2 we may rearrange (5.2) as
From now we follow closely the treatment in [RSW] section 4; in particular we will formulate the MPS result using the infinite bipartite quiver N introduced there, with vertices N 0 " ti pw,mq | pw, mq P N 2 u Y tj pw,mq | pw, mq P N 2 u and arrows N 1 " tα 1 , . . . , α w¨w 1 : i pw,mq Ñ j pw 1 ,m 1 q , @ w, w 1 , m, m 1 P Nu. The quiver N comes with a notion of stability in terms of a slope function µ (there is no possible confusion with the tropical multiplicity µ since the latter will not appear in this proof). Recall that pk 1 , k 2 q induces a thin (i.e. type one) dimension vector dpk 1 , k 2 q for N , so we get a moduli space of stable abelian representations M dpk 1 ,k 2 q pN q. Following the argument leading to equation (1) of [RSW] , and after rearranging to pass from P to p P , the MPS formula for Poincaré polynomials in this setup can be expressed as
(5.2) Indeed in the general case (for pP 1 , P 2 q not necessarily primitive) one can rewrite the MPS formula as rR sst pP1,P2q pKpℓ 1 , ℓ 2 qqs vir rGLpP 1 , P 2 qs vir " ÿ pk 1 ,k 2 q$pP1,P2q To prove this let Q Ă N denote the finite subquiver which is the support of pk 1 , k 2 q. Consider the lattice r Γ " ZQ 0 endowed with the bilinear form x´,´y which is the antisymmetrization of the Euler form of Q 0 . We will write r Γμ for the subsemigroup of dimension vectors of slope µ. Let R " Crrt i pw 1 ,m 1 q , t j pw,mq ss. We work in the group U r in terms of the Harder-Narashiman recursion. By the definition of the r P µ , using that pP 1 , P 2 q is primitive and dpk 1 , k 2 q is thin, one shows that the first nontrivial term in r P µpdpk 1 ,k 2isp dpk 1 ,k 2 q pqqt dpk 1 ,k 2 qê dpk 1 ,k 2 q (as a term of smaller degree would imply the existence of a subrepresentation of the dpk 1 , k 2 q-dimensional representation having the same slope). By the remark following [R] Proposition 4.5 we have in fact 3 p dpk 1 ,k 2 q pqq " pq 1 2´q´1 2 q´1 p P pM dpk 1 ,k 2 q pN qqpqq.
On the other hand by an argument contained in the proof of [RSW] Proposition 4.3 we can find a change of variables which preserves slopes and reduces the calculation of the r P µ for (5.4) to the problem of saturating a scattering diagram for U Γ,R with Γ " Z 2 (endowed with its standard antisymmetric bilinear form). We can then combine the rest of the proof of [RSW] Proposition 4.3 with Lemma 4.6 above to compute the first nontrivial term in r P µpk 1 ,k 2 q as pq 1 2´q´1 2 q´1 p N trop pα1,α2q pwpk 1 q, wpk 2 qq. Notice that there are no ramification factors precisely because dpk 1 , k 2 q is thin and coprime, and we are computing the first nontrivial term. Matching the two answers gives (5.3).
3 To compare with the results of [R] section 4 one must take into account the different convention for the q-deformed product. Our functions r Pµ,p d pqq are precisely what happens when one replaces the product of [R] Definition 3.1 with our (3.9) (beware that in ibid. the notation x´,´y denotes the Euler form, not its antisymmetrization).
Remark. Theorem 4.1 in [RSW] shows that the MPS formula (going from nonabelian to abelian representations) for χpMpP 1 , P 2and coprime pP 1 , P 2 q is dual to a standard degeneration formula in Gromov-Witten theory (going from incidence conditions to tangency conditions). The proof of Lemma 5.3 gives another interpretation of the MPS formula at the level of Poincaré polynomials, as a compatibility condition between two natural q-deformations of the invariant N rpP 1 , P 2 qs.
Remark. When pP 1 , P 2 q is type one (P ij " 1) , by Definition 5.2 we have p N rpP 1 , P 2 qs " p N trop pα1,α2q pP 1 , P 2 q. Conjecture 89 in [SG] predicts that some invariants N L,δ trop of the same form of the p N trop pα1,α2q pP 1 , P 2 q can be expressed (through a BPS transformation) in terms of the χ´y genus of relative Hilbert scheme of points of a linear system of curves on a smooth polarized toric surface pS, Lq (with L sufficiently ample with respect to δ). One could ask if a similar statement may hold for p N rpP 1 , P 2 qs. We hope to return to this question in future work.
